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A POLYNOMIAL INVARIANT FOR KNOTS
VIA VON NEUMANN ALGEBRAS!

BY VAUGHAN F. R. JONES?

A theorem of J. Alexander [1] asserts that any tame oriented link in 3-space
may be represented by a pair (b, n), where b is an element of the n-string braid
group B,,. The link L is obtained by closing b, i.e., tying the top end of each
string to the same position on the bottom of the braid as shown in Figure 1.
The closed braid will be denoted b".

While investigating the index of a subfactor of a type II; factor, the author
was led to analyze certain finite-dimensional von Neumann algebras A,, gen-
erated by an identity 1 and n projections, which we shall call e;,es,...,e,.
€y satisly the relations

Vaughan Jones (1952-2020)

(1) &2 = e, ef =e¢y, R
(IIT) ese, = eje; if | — 7] > 2. B pmza
Here ¢ is a complex number. Iff has been shown by H. Wenzl [24] that an B EARR
arbitrarily large family of such projections can only exist if ¢ is either real and
positive or eX2™/k for some k = 3,4,5,.... When t is one of these numbers,

defines g; = vt(te; — (1 — ¢;)), the g; satisfy the correct relations, and one

there exists such an algebra for all n possessing a trace tr: A,, — C completely obtains representations r; of B, by sending s; to g;.

determined by th lization tr(1) =1 and
¢ (‘}r\‘,’;";f(ab)y: ti(‘;gma ization tr(1) =1 an THEOREM 1. The number (—(¢+1)/v3)" ! tr(ry(b)) for b in B, depends
(V) tr(weny1) = t/,(l + )2 tr(w) if w is in A, only on the isotopy class of the closed braid b".
n - b
(VD) tr(a*a) >0ifa#0
(note Ag = C).



KauffmanikREF 1R 2

A
/ B

/’—\\ //—\\\ ) ! " | hil ~a A
, \ /\_/ \ f

\ | ]

, | |
\
\> <// ‘\/\// Louis H. Kauffman (19454 % 1)

BERXRIZ2 DDREALBD EB LA ZE NG ET:
b D EHEO BKDIREEA & LS,



) :
R DOEHDnDIGE. IREEDE A2

<K> = (=a*—a Ha*+1+1+(—a®*—-a?)a?

\ ‘;’%2\ A @iEl/_.\
Wo(s) = {a IR i

a~l JIREE B 0I5&

< K >= Z —a? — ¢~ 2)d) 1 H We(s)

. K OJREE . K DR HE T . . "
s K c S d(s) : REE s DRI (FAMIEO AR



Jones% 1H =

R — R —
7N '%/\
=t B S

5y
~




\-

e

/

000 _”_

_ -v 0. ”_

\-

\

-/_

00

\

vmvﬁwa\

/

/VAVA
/vm\/wm\

///

_ ,r

N w m.\/v//\\ |

[ )

_”/.mv O

A
_ o J _.
/\./v ﬁ\./ J

a

S

S



J(K) X7 4 7~ A4 A& - RLRIIL, RIIIl TARETH 5,

i N\
A/v SL _ a N
0
A

RITAZ :

A AR )¢
>\B\ g s Ei -~ )C
~ YL ~



=10
3=
-
AH T AT




HFICH T S

/

S | [

)

H2 D YRR ><f/ \

2T ORI \/\ . /\/ EHERRD“ER TH 5

o o1






Rt &> THRUBRIEZ /NS

(AlexanderDEIE) L2 TOHFUPEIEZH A2EBICHIST S
(MarkovD BEE) —DOMEMIIEMERE OB IS T 2 B+ DX EFIIROBEBRTEY G252 &

X)X
. pa
L\W %

KR
@ FHATA
RR XL




A o ETEEZERT D

Alexander D XEXE & MarkovD TEIEIC L V) .
{&OH }/FE = { Mt }/O,2,3,D

bDEAE FAERiTaY o)

BiR P {4} — Ast.
b1 £ ba 2 (D, 2),3),dD TENSE — F(b1)=F(b2) € A

DEE, BRFICIA2BIIESCEHORERICKR S,

Bl  defines g; = vt(te; — (1 — e;)), the g; satisfy the correct relations, and one
obtains representations r; of B,, by sending s; to g;.

THEOREM 1. The number (—(t+1)/v/t)* ! tr(r;(b)) for b in B,, depends
only on the isotopy class of the Iclosed braid b/\l

Eil




Y
a
N
8-
B
a
xte rﬁ
s

N

-

i@ O
=

DNE
=




Yang-Baxter A T2 I,

V2 RIEENS MR L B, RERA S F L oy — (1) oy — (‘3) 3V DRI
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EZRTZE 5
VViVEVDOTFYYILE, vi Qvi,v1 @V, v2 @v1,v2 QU2 IV ®V DFEIJK
RITHIDRID L F] -
HERE R: VRV - VeV PUROBGRRZ#LT L & RATFITHZ LWV, Yang-Baxter operator

(R® idv) o (idy ® R) o (R® idv) = (idv ® R) o (R® idv) o (idy ® R)
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a 0 0 0
0 0 a1 0
k= 0 al! a—a3 0
0 0 0 a

EERA : 1. (IC2oW T, RHL u Qub [WIMTHEED B Re(u®@ ) = (W@ p) o RIZEAS H

2. 1220\ T , ,
try,(Ro (id @ u)) =id
a2 0 0 0 a? 0 0 0
~ 0 0 a4 0 0 a2 0 0
Rop®p =1 o -4 ,-2_,6 o o0 a2 o0 |
0 0 0 a2 0 0 0 a2
tr,(R™ 1o (id @ w)) = id
a? 0 0 0 a? 0 0 0 at 0 0 0
B lon®u— 0 a®>—-a% a* O 0 a2 0 0 10 1—-a* a% O
HEHR=1 9 a’ 0 0 o o0 a2 o | |o a2 0 0
0 0 a? 0 0 0 a2 0 0 0 1
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§3 o (l’l ® l’l) =](K)(a2 + a—Z)
I
a_2 0 0 0
0 q—10 _ ,—14 a—8 _ q—12 1 4—16 0
0 a®—a12+a710 @ O4a Mg 10 g8
0 0 0 q—10
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